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Abstract We address the problem of estimating the characteristics of a random sum,
when the number of summands is also random. The case we consider includes an addi-
tional stochastic factor: although the summed random variables come from a distribution
of a known form, the parameters of this distribution are stochastic and can themselves
be viewed as random variables (with known distributions). We use Quasi Monte-Carlo
techniques to handle this problem and analyze its efficiency relative to the regular Monte-
Carlo simulation methods. The typical area of the application of our investigations is
actuarial practice which often deals with random sums of financial losses. Besides actuar-
ial applications, the proposed method may be useful in application to certain problems in
informatics, related to the aggregation of heavy-tailed data.

1 Introduction

1.1 Setting up the problem

Summation of random number of random variables is a well known problem that has many
applications. One of them is the so-called loss aggregation problem in insurance. Usually,
one needs to compute with sufficient precision the cumulative distribution of the random
variables, having a sense of e.g. financial losses aggregated for some fixed period (normally,
one year).

Specifically, we are interested in the distribution of the random variable

SN =
N∑

k=1

Xk , (1)

where N is the number of events within a selected period, generated by a process N(t) of
occurrences, usually called counting process. The crucial point is that the summed random
variables Xk are assumed to be mutually independent and also independent of the counting
process N(t).

Another important point is that usually in practical applications r.v.’s Xk having in
insurance the sense of single losses can be viewed as identically distributed random
variables having a distribution P(Xk < x) =: FX(x). This assumption allows to apply
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some particular deterministic techniques, making the loss aggregation a relatively simple
computational task.

In the current work we address the problem of loss aggregation supposing that the
assumption of identical distribution of single losses Xk may be violated. As will be re-
marked below, deviations from the assumption of identical distribution of losses is quite
a natural situation in actuarial modeling, making the application of analytical techniques
impossible.

1.2 Aggregation with stochastic parameters

In practical applications, compound distributions should often be modelled with respect to
the uncertainty of the parameters of initial distribution (FX in our terms). This problem
can be handled with the help of Bayesian inference. The basic idea of bayesian modelling
for taking into account parameters’ uncertainty (see e.g. [12]) is to consider the vector of
the parameters (of initial distribution) as a random vector. Using some apriori knowledge
about the distribution of this random vector, one can form its prior distribution pdf π(θ).
If an additional information comes into play in the form of observations X, the posterior
distribution pdf with respect to this information can be calculated:

πΘ |X(θ |x) ∝ fX |Θ(x | θ)π(θ). (2)

In the absence of a relevant prior information about the prior distribution, π(θ) can be
chosen to be a uniform distribution (the case of so called non-informative priors).

Often, the expression (2) cannot be used for the direct computation of the posterior
distribution and the stochastic modelling has to used to produce a pseudo-random sample
from πΘ |X(θ |x).

The sample from posterior distribution can therefore be used to get the sample from the
corresponding compound distribution. Specifically, if the g(z | θ) is the pdf of the compond
distribution (r.v. S in our terms) given a value of the parameter θ then the corresponding
full predictive distribution is defined as h(z |X) =

∫
g(z | θ) · π(θ |X)dθ (which is the

weighted average with the respect to the distribution of θ as a r.v.).
Obviously, this task is not compatible with deterministic techniques (i.e., the ones based

on analytical representations of distribution functions), as each time the realization of the
predictive distribution is modelled, different values of the parameters θ and λ should be
used. Thus one needs to use Monte Carlo (MC) simulation methods. The common scheme
for modelling of the predictive distribution using MC method could be as follows:

1. Simulate the realization of the severity parameters’ vector θ and frequency λ from
their joint distribution π(γ), where γ = (θ, λ).

2. Given θ and λ generate yearly losses, i.e. a) generate the number N of yearly losses
N ∼ Pois(λ) b) generate the sample {Xj} = (X1, . . . , XN )

3. Given N and {Xj} calculate the annual loss S =
∑N

i=1 Xi

4. Repeat Steps 1–3 K times to get: {S}K
j=1

5. Estimate α-quanile, Q̂B, of annual loss (Qα ∼ sort(Sj)[α])
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However, there are at least two aspects in this context that make the use of regular
Monte Carlo (MC) simulation techniques very time-demanding. These aspects are a)
actuarial losses are often heavy tailed b) one usually needs to estimate a sufficiently high
quantile of the aggregate loss distribution. In the case of operational risk measurement,
the rules prescript to estimate the α-quantile of aggregate loss called Value-at-Risk, i.e.
V aRα := sup

x
(x : F (x) < α), at the level α = 0.999. Thus the precision of the modelled

predictive distribution should be high enough to obtain a reliable estimate of the upper
quantile. In practical applications dealing with operational risk modelling it is rather usual
that not less than K = 106 repetitions should be made to ensure necessary precision for
0.999–quantile estimate, see e.g. [12] and [16].

That motivated our search for techniques that would reduce the number of claimed
repetitions in the modelling scheme above and lead to Quasi-Monte Carlo (QMC) methods.

2 Methods

2.1 Deterministic techniques

We make a short comment on deterministic approaches. Some of the deterministic tech-
niques are based on a passage from probability distributions to characteristic functions or
probability generating functions. This approach is applicable to the task (1) in the case of
iid summands, which we summarize below.

For a random variable N taking only nonnegative integer values consider the prob-
ability generating function (pgf) PN (z) = E[zN ] =

∑∞
n=0 P[N = n]zn which is defined

and analytic at least for |z| ≤ 1. Considering the power series expansion of this function
PN (z) =

∑∞
n=0 pnzn one is able to retrieve the distribution P[N = n] = pn for n ≥ 0 by

calculating the coefficients of PN (z). Denote the pgf of a compound sum of the form (1)
by PS(z), (considering integer valued loss sizes) and using the independence assumption
we find

PS(z) = E[zS ]
∞∑

k=1

P[N = k]PX(z)k . (3)

One has the well known representation

PS(z) = PN (PX(z)), (4)

where PN (z) is the pgf of the distribution of loss occurrences and PX(z) corresponds to
loss sizes. We get

PS(z) = exp(λ(PX(z)− 1)) (5)

for Poisson distributed occurrences. Exactly the same representation is valid in terms of
characteristic function.

Concerning the calculation of compound distributions with fixed parameters, de-
terministic methods are well developed and include, besides the techniques based of pgf
and chf, also e.g. recursive techniques related to Panjer recursion. For detailed discussion
of deterministic techniques in actuarial modelling see e.g. [5] and [9]. Deterministic meth-
ods are usually more effective than the ones based on Monte Carlo modelling from the
point of precision and speed of calculations. For comparison of the effectiveness of different
techniques see e.g. [16].
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However, when parameters of the distribution of random summands are also random
coming from posterior distribution (2) as in the case we deal with, deterministic techniques
can not be used. Indeed, in this case the pgf PX(z) in r.h.s. of (4) will have no closed form,
as it will depend on the distribution of random parameters, which can not be included
into pgf explicitly. Therefore, to handle this problem one has to turn to MC simulation
methods.

2.2 Monte Carlo modelling in heavy tailed cases

Handling heavy tailed distributions, which implies simulation of rare and severe events,
has been a challenging task in applied statistics, see e.g. [1] or [3] for detailed overviews.

Methods usually proposed for solving this problem allow to reduce the computational
effort within using the standard MC modelling. According to [1], algorithms involving
order statistics and methods using importance sampling are among the most effective
techniques for handling random sums. Moreover, various variance reduction techniques
can be used to increase the efficiency of MC simulation, see e.g. [4] and [11]. However, in
certain cases when the resulting distribution depends on random factors, standard variance
reduction methods cannot be used, as these techniques rely on explicit representations of
distributions used for the modelling. That is indeed the case of our problem, as we need
to calculate the random sum of varying volume, and, in addition, the distribution of each
variable includes random parameters.

2.3 Quasi-Monte Carlo in risk management

From the previous subsections, motivation for QMC becomes apparent: Clearly, simulation
techniques remain a basic tool for modelling compound sums of the form (1) when the
distributions involved have stochastic parameters, but dealing with heavy-tailed distribu-
tions one needs to handle the variance of simulations in one or another way, and QMC is
one of the effective and stable methods to reduce the variance of simulations.

However, QMC methods are not widely used in modelling random sums, as there are
certain natural restrictions for using QMC for that particular task. Application of QMC
in risk management was studied [10], including of problem of the summation of random
variables. In [10], the high-dimensional Sobol’ sequences were apply to the problem of
risk aggregation for a portfolio of individual losses, when the dimension of the portfolio is
fixed. Thus the problem reduces to the summation of a specified (fixed) number of random
variables. It relates the methodology described in [10] to our work, but we have two specific
aspects:

• In our case, the number of random variables to be summed up is a (discrete) random
variable itself.

• We are interested particularly in the summation of heavy tailed r.v.’s.

These aspects motivated us to make a separate study in order to find out the efficiency in
the QMC scheme in the frame of our problem.
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3 Using QMC for the random loss aggregation

In the present section we discuss how Sobol’ sequence can be used for the summation of
random number of random variables.

Constructing Sobol’ sequence The Sobol’ sequence is one of the standard Quasi-
random sequences and is widely used in Quasi-Monte Carlo applications. We do not de-
scribe the construction of Sobol’ sequence here, referring to [14, 15] and related works for
technical details.

3.1 Role of independence

Obviously, the advantage of MC techniques in application to a statistical problem is that
it allows to model independent random variables. As already mentioned, the assumption
of independence plays a major role in the modelling of compound distributions.

Recall that the cdf of the compound sum is

FS(x) = P(S ≤ x) =
∞∑

k=1

P[N = k]P (X1 + · · ·+ Xk ≤ x)

=
∞∑

k=1

pkF
∗k
X (x), (6)

where F ∗k
X (x) is the k-fold convolution of the pdf with itself, i.e.

F ∗k
X (x) =

x∫

0

F ∗k
X (x− u)dFX(u), (7)

and F 0
X(x) ≡ 1 (x > 0).

Once the assumption of independence is dropped, the representation of the compound
sum (6) does not reduce to the sum of convolutions (7) any longer. In case of the summation
of dependent sequences, in order to calculate the cdf FS(s) = P (X1 + · · ·+ Xd ≤ s) we
would have to deal with the integrals of the form

∫
Ωs:=[u1+···+ud≤s] dF (u1, . . . , ud) instead

of multiple convolutions.

Independence and multidimensional Sobol’ sequences Clearly, it is already the
scheme of the construction of the low-discrepancy sequences that claims the QMC se-
quences to be dependent. However, if one uses the elements of the sequences from dif-
ferent dimensions, their relation would ”imitate” relation between independent random
variables.

The issues related to the independence of different dimensions of Sobol’ sequences
were discussed in [10], where the tests based on rank correlations were used. For brevity,
we do not indicate the results of independence tests here, but refer to [10] and related
literature stating that spatial distribution of multidimensional Sobol’ sequences relates to
the distribution of independent random variables.

Note that the notions of ”randomness” is understood in our case certainly not in
its usual way. The observed ”distributions” of low-discrepancy sequences would certainly
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not be empirical probability distributions in its general sense. Nevertheless, observing
the spatial structure formed by the sequencies, one is able to judge how good is the
resulting ”imitation” of the independence between values is simulated sequences, due to
independence between different dimensions in QMC.

Summarizing the paragraph, we note that the right approach for modelling the sums of
independent random random variables would be, to use different (sequential) dimensions
for the generation of each of the r.v.’s

3.2 QMC: the modeling set

In operational risk framework, before modelling of the compound sums one should use
historical data to estimate (single-loss) severity and frequency distributions. The historical
data of operational risk losses is classified by business lines (BL), and this division is
important for the calculation of regulatory capital for OpRisk. Particularly, according
to the Basel II recommendations, the Value-at-Risk estimators, defining the regulatory
capital, should be done for every BL, L1, . . . , LK separately.

In order to estimate the severity and frequency distributions using historical data
{XLj

i } in an i.i.d.-case, standard methods such as MLE can be used to estimate the

parameters of the distribution F (x) = P
(
X

Lj

1 < x
)
. In the case of uncertain parameters,

the distribution parameters are themselves random variables, hence the ”parameters of
the parameters” should be estimated. As soon as the estimates are found, the scheme
outlined in Paragraph 3.2 can be applied to each BL, using either the regular MC, or
QMC techniques.

We use the following notation for Sobol’ sequences: Sobol(i, n, d)=:Sd
n(i) in a unit

hypercube [0, 1]d (here i is the initial index, n is the length of the sequence, and d is the
number of dimensions). Then, if the inverse pdf of a r.v. X, F−1, is known analytically,
the realizations of X can be generated via F−1

(
Sd

n(i)
)
.

Then the whole algorithm can be represented in the following way. Suppose for sim-
plicity, that we have only one parameter of the severity distribution and one frequency
parameter (which is often the case in applications)

1. Simulate a N -length sequence of the severity parameter θ by Iθ = F−1
θ

(
Sdθ

n (i1)
)

with fixed dj (i.e. using a one-dimensional QMC sequence), and a chosen initial
index i1

a N -length sequence of the frequency parameter λ by Iλ = F−1
λ

(
Sdλ

n (i1)
)

likewise.

2. Simulate N yearly frequencies using λj from Iλ, the quantile function of the Poisson
distribution and a new QMC-sequence {Λj} ∼ qpois−1

λj

(
SdΛ

n (iΛ)
)

with fixed dΛ and
a chosen index iΛ.

The choice of iΛ can be arbitrary in the initial simulation set, but one repeats the
simulation cycle to obtain a different estimate of the quantile, then the initial index of
next simulation should be chosen such that the QMC sequence used in the previous
cycle is not used again.

3. Simulate N sequences of yearly losses {X}1, . . . , {X}N by .

1. {X(1)
j }i≤Λ1 = F−1

X

(
Sdi

1

)
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2. {X(2)
j }i≤Λ2 = F−1

X

(
Sdi

2

)

. . .

N. {X(N)
j }i≤ΛN

= F−1
X

(
Sdi

N

)

Here di changes sequentially in each case (i.e. from 1 to Λi for each i).

4. Loss aggregation

Consequently, one gets n sums Sj =
Nj∑
i=1

X
(j)
i (j = 1, . . . , N), which are the realiza-

tions of the aggregate loss that we are interested in. Find the quantile

• Put the obtained sample in increasing order to get the order statistics L1:n ≤
· · · ≤ Ln:n, where L1:n denotes the smallest of the n simulations and Ln:n the
biggest simulated loss.

• The element at position [αn+1] of the ordered sample, where [·] denotes round-
ing downwards, is the estimator of the quantile (i.e. of VaR) to the level α (e.g.
choose α = 0.999).

Note that in the above construction we have used two fundamental properties of the
multidimensional QMC sequence: 1) the projection of multidimensional QMC into lower
dimensions is again a low-discrepancy sequence; 2) in each multidimensional sequence,
the elements corresponding to different dimensions are independent. That is, taking the
elements of Sobol’ sequence sequentally from different dimensions, one keeps the proper-
ties of a low-discrepancy sequence, still advancing in having the properties of the QMC
sequence.

As a results of the above simulation cycle, a single estimate of the 0.999-quantile of the
aggregate loss distribution is obtained. To obtain a different realization of 0.999-quantile,
one may repeat the whole cycle, correspondingly changing the initial indices i1, iλ, iθ etc.

3.3 Results and rates of convergence

Next, we overview the obtained results. The SobolSeq generator (see www.broda.co.uk
2009, for the full reference) was used for the QMC simulation, while the general modelling
was made in SPLus. We were interested in estimating the 0.999-quantile of the aggregate
loss distribution.

To analyze the rate of convergence to the true quantile, we traced the performance of
the algorithm for a range of the number of simulation N from 105 to 2 ·106, for both QMC
and pseudo-random realizations.

Remark 3.1. We remark that the benchmark for the true quantile we are referring to can
be estimated using e.g. Monte-Carlo Markov Chain (MCMC) modelling, which is often
used as an efficient tool for taking parameter uncertainty into account, see e.g. [12] or [13].
Using MCMC, we are able to model the so-called full predictive distribution of aggregate
losses with random parameters (though modelling with MCMC is as time demanding as
regular MC). The true quantile that can be used as a benchmark to estimate the absolute
error of MC and QMC modelling is the quantile of the full predictive distribution.

We note that 106 simulations required 525 seconds of the CPU on a Pentium 2.0GHz,
1GB memory for the whole scheme described above including generation of Sobol’ sequence
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and loss aggregation. The same scheme with the Monte-Carlo requires roughly the same
time for the same number of simulations.

The model used for the modelling set was GPD-Poisson, i.e. single losses are supposed
to have Generalized Pareto distribution (GPD)

G(x) = 1−
[
1 + ξ

(
x− µ

σ

)]−1/ξ

while the number of yearly losses follows a Poisson process with intensity λ.
Among GPD parameters, the location parameter µ is usually fixed (it plays a role of

the threshold), while shape and scale parameters (ξ, σ) are the ones to be estimated. As
Maximum likelihood estimation is often used, it is natural to assume that the parameters’
vector (ξ, σ) has the bivariate normal distribution and also assume normal distribution
for the intensity λ. Furthermore, we used the following parameters for the distributions
of the model parameters (the choice of the parameters’ values reflects typical values in
operational risk framework):

• the threshold µ = 7000;

• vector of mean values for the parameters (ξ, σ) = (1, 12000), vector of their variance
values (0.18, 1645.0) and the covariance value 0.64;

• mean and variance of the Poisson intensity λ distribution was taken as (12, 1.7).

The plots summarizing the results of the 0.999-quautile modelling illustrating the con-
vergence to the true quantile are presented on Figure 1 and Figure 2. Figure 1 gives the
picture on the log-log scale for the whole range of the simulation numbers, while Figure
2 concentrates on the segment of the larger values of N on a regular scale, where local
smooth trend lines show the rate of convergence.

Interpretation of the results indicated on the plots should be made with respect to
specific properties of multidimensional Sobol’ sequences. Analyzing empirical errors of
numerical integration via QMC, [8] shows that actual rates of convergence may differ
sufficiently for different types of QMC sequences, depending on the dimension. Main the-
oretical result on integration errors with QMC known as the Koksma–Hlawka inequality
states ∣∣∣∣∣

∫

Is

f(x)dx− 1
N

N∑

i=1

f(xi)

∣∣∣∣∣ ≤ V (f)DN ,

where DN is the discrepancy and s is the dimension of the integration domain Is. The
bound on the discrepancy of a random sequence indicates N−1/2, suggesting that a se-
quence with smaller discrepancy could give smaller errors. For low-discrepancy sequences
DN ∼ N−α with α depending on a particular type of sequence. Empirically studying the
power α of the rate N−α, [8] states quite wide range from 1 to 0.45 depending on the
dimension of the function.

In our case, the dimensions are ”floating”, as each of the random sums consists of
random number of variables and is therefore generated via a QMC sequence of different
(random) dimensions. That fact can at least partially explain the changing rate of conver-
gence to the true quantile observed on Figure 1. At the same time, as seen from Figure 2,
the rate of convergence for QMC sequences is more stable, than the one via pseudo-random
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QMC vs MC
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Figure 1: Comparison of the performance of MC (points) with the one obtained by QMC (blue
lines) for the aggregate–loss distribution of the generalized Pareto

numbers simulation, for higher values N corresponding to higher precision. As estimated
by ordinary linear regression, for the range of higher N starting from 8 · 105, the rate of
convergence via QMC sequences is N−0.8.

Note that not only the rate of convergence can play a role, but also the absolute value of
the error. According to [8], for integration problems with discontinuous in high dimensions
the following result is valid

| error | = CsN
− s

2s−1 (8)

where Cs change depending of the particular type of the low discrepancy sequence and the
number of dimensions. Thus the rate of convergence much better than that of a random
sequence cannot be expected, however the precision still can be improved regarding the
constant Cs.

In our case, as illustrated by both Figure 1 and Figure 2, the coefficient Cs is signifi-
cantly lower than the one associated with the random sequence, allowing to require much
lower number of simulations for obtaining the same precision of 0.999-quantile, regarding
Sobol’ sequence.
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QMC vs MC (reglular scale)
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Figure 2: Comparison of the MC precision (solid line) with the precision of QMC (line-with-points)
in terms of the mean square error for the aggregate–loss distribution of the generalized Pareto
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